REFLECTION FUNCTORS AND SYMPLECTIC REFLECTION 
ALGEBRAS FOR WREATH PRODUCTS 



WEE LIANG GAN 

Abstract. We construct reflection functors on categories of modules over deformed 
wreath products of the preprojective algebra of a quiver. These functors give equivalences 
of categories associated to generic parameters which are in the same orbit under the Weyl 
group action. We give applications to the representation theory of symplectic reflection 
algebras of wreath product groups. 



1. Introduction 

Deformed preprojective algebras 11a associated to a quiver were introduced by Crawley- 
Boevey and Holland in CBHJ. A useful tool in their work is the reflection functors, which 
gives an equivalence from the category of modules over Tl\ to the category of modules over 
11^, when the parameters A and [i are in the same orbit under an action of the Weyl group 
of the quiver on the space of parameters. Recently, in |GG| . a one-parameter deformation 
srf n ,\,v of the wreath product of I1a with S n was constructed. The purpose of this paper 
is to generalize the construction of the reflection functors to the algebras $tf n 

Actually, we construct reflection functors Fi for the simple reflections Sj at vertices i 
without edge-loop. The author does not know if compositions of the functors satisfy the 
Weyl group relations. However, we prove in Theorem 15.11 that if A, v are generic, then 

It is interesting that to each ^^,^-module V, there is a natural complex < jf*(V), de- 
pending on i, with the property that Fi(V) = H Q {^"(V)). Assuming that A is generic 
and v = 0, we prove H r { c to° (V)) = for all r > 0, and hence obtain a 'dimension vector' 
formula for Fi(V). 

When the quiver is affine Dynkin of type ADE, there is a finite subgroup T C SL2 (C) 
associated to it by the McKay correspondence. Let Y n be the wreath product group 
S n x T n . In |EG| . Etingof and Ginzburg introduced the symplectic reflection algebras 
Ht i fc >c (r n ) attached to T n . A Morita equivalence between the algebras n/ n ^ v and Ht,k,cQ? n ) 
was constructed in |GG| : in the case n = 1, this was done in jCBH . As a consequence, 
we obtain reflection functors for the algebras H t c (r n ). 

This paper is a step towards the classification of the symplectic reflection algebras of 
wreath product groups up to Morita equivalence. The reflection functors are defined 
when r 7^ {1}. Let us mention that when T = {1} or Z/2Z, the algebras H^fc c (r n ) are 
the rational Cherednik algebras of type A or B. In these cases, Morita equivalences for the 
algebras were constructed in |BEG1 using shift functors, and a complete classification in 
type A (which corresponds to the affine Dynkin quiver of type Ao) was proved in [BEG2 
(for generic parameter). 

We are interested in the representation theory of H t & c (r n ) when the parameter t is 
nonzero. When n = 1, there is no parameter k, and the finite dimensional simple modules 
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of H f)C (r) were classified in [HBH| . When n > 1, we have H t)0)C (r n ) = Ht iC (r)® n x C[5„]. 
Thus, there is also a classification of finite dimensional simple modules of H^o,c(r n ). 

In |M2j (which generalizes |EMj ). Montarani found sufficient conditions for the existence 
of a deformation of a finite dimensional simple Hi.o,c (r'n)-module to a Hij CjCQ+c (r n )- 
module for formal parameters k, c. The proofs in |EM| and |M2j are based on homological 
arguments. We shall give a new proof by constructing the deformation using reflection 
functors. Moreover, using the reflection functors, we will show that if a finite dimensional 
simple Hi ) o, co (r n )-module can be formally deformed to a ; k ,co+c 

(r„)-module, then the 

conditions in |M2j must necessarily hold. We shall also use the reflection functors to prove 
the existence of certain flat families of finite dimensional simple Ht j fc iC (r n )-modules (for 
complex parameters). 

We expect that there will be other applications of the reflection functors. 

This paper is organized as follows. In Section 2, we will recall the definition of the 
algebras £/ n ,\,u, and construct the reflection functors. In Section 3 and Section 4, we give 
the proofs of several identities required in the construction of the reflection functors. In 
Section 5, we prove that the reflection functor is an equivalence of categories for generic 
parameters. We also construct the complex ^"(V), and prove some other properties of 
the reflection functors. In Section 6, we give the applications to the symplectic reflection 
algebras for wreath products. 

2. Construction of the reflection functors 

2.1. We first recall some standard notions. Let k be a commutative ring with 1. We shall 
work over k. 

Let Q be a quiver, and denote by I the set of vertices of Q. The double Q of Q is the 

a* a 

quiver obtained from Q by adding a reverse edge j — > i for each edge i — > j in Q. We let 

a 

(a*)* := a for any edge a E Q. If « — > j is an edge in Q, we call t(a) := i its tail, and 
h(a) := j its head. When t(a) = h(a), we say that a is an edge- loop. 
The Ringel form of Q is the bilinear form on Z 7 defined by 

(a,/3) := ^aifii - ^ a t{a) (3 h(a) , where a = (ai) ie j, /3 = (A)ieJ- 
iei aeQ 

Let (a, (3) := (a, (3) + (j3, a) be its symmetrization. We write 6j E Z 7 for the coordinate 
vector corresponding to the vertex i E I. If there is no edge-loop at the vertex i, then 
there is a reflection s« : Z 1 — > Z 7 defined by Si(a) := a — (a, e^ej. We call Si a simple 
reflection. The Weyl group W is the group of automorphisms of Z 7 generated by all the 
simple reflections. 

Let B := (J) k, and E the free k-module with basis formed by the set of edges {a E Q}. 
Thus, E is naturally a -B-bimodule and E = ® i - eI Eij, where Eij is spanned by the edges 

a E Q with h(a) = i and t(a) = j. The path algebra of Q is kQ := TbE = ® n>0 T§E ; , 
where T^E = E®b ■ --®bE is the n-fold tensor product. The trivial path for the vertex i 
is denoted by ej, an idempotent in B. For any element A E B, we will write A = Yli£i ^» e i 
where Aj E k. If w E W, A £ 8 and a E Z 7 , then (wX) ■ a := A • (w _1 a). The reflection 
ri : B —> B dual to is defined by (rjA)j := Aj — (ej, 6j)Aj. 

2.2. In this subsection, we recall the definition of the algebra s^ n \ v from |GG1 Definition 
1.2.3]. 
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From now on, we fix a positive integer n. Denote by S n the permutation group of 
[l,n] := {1, ... , n}, and write Sij G S n for the transposition i <-» j. Let 88 := B® n . For 
any £ G [l,n], define the ^-bimodules 

g t ■= B^-^m^B®^-^ and S := g t . 

l<£<n 

Given £ G [1, ra], a G kQ, and i = (ii, . . . , i n ) G I n , we write 

d(\ i for the element e^® • • ■ ®aej £ ® • • • ®ej n G Tgg$i. 

We shall simply write I . for the element e^® • • • ®ej n . If a G Q an d ^ = *( a )> then let 



aid) ■= 0''i, • • • , 4) G I", where C = j 



i m if m 7^ 
/i(a) if m = £. 



Definition 2.1. For any A G 5 and z/ G k, define the 83 -algebra &/ n \ v to be the quotient 
of TagS x k[S n ] by the following relations. 

(i) For any £ G [1, n] and i = . . . , i n ) G I n : 

(i>> a *]-A)j.=f s ^L- 

(ii) For any £,m G [1, n] (£ m), a,b £ Q, and i = (ii,..., i n ) G I n with ii = t(a), 
i m = t(b): 



\bm(£) bm k hm \ai(i) ai \i 



vsem\ ■ if b <E Q and a = b*, 
—V8£m\- if a G Q and b = a*, 
else . 



If n = 1, there is no parameter u, and srf\^\ is the deformed preprojective algebra 11^. 
Observe that £? nX0 = nf n x k[S n }. 

We shall denote by srf n \ v —m.o& the category of left i34,A,^- m odules. 

2.3. Let i be a vertex of Q such that there is no edge-loop at i. We shall define the 
reflection functor 

Fi : ^/„,A,i/-mod — ► ^4^^^-mod. 

In the case n = 1, the reflection functors were constructed by Crawley-Boevey and Holland 
in |CBHl Theorem 5.1]. They were also constructed by Nakajima in the context of quiver 
varieties, see |Nal Remark 3.20]. They are similar to (but not the same as) the reflection 
functors of Bernstein, Gelfand and Ponomarev in |BGP| . 

Let V be a i^A.^-mo-dule. We will first define Fi(V) as a 88 x k[SVi]-module. 

Up to isomorphism, the algebra £/ n ,\,u does not depend on the orientation of Q, so we 
may assume that i is a sink in Q; let 

R := {a G Q \ h(a) = i}. 

For any j_ = (j h . . . ,j n ) G I n , let 

Vj_ := \V, and A(j) := {m G [1, n] \ j m = i}. 

For any D C A(j), define 

:= the set of all maps £ : D — > i? : m i— > 
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Given £ G X(D), let 

t(j,0 :=((„...,« 6/", where *™ = { j f (m)) 

Define 

$e#(r>) 

In particular, V(j,0) = Vj. Write 

tt^ : D) — >V t(ii0 , ■ Vtytf—tVii, D) 

for the projection map and inclusion map, respectively. 

If a G S n , then let a{f) := (ja-ifi), • • • , We have A(cr(j)) = cr(A(j)). If 

£ G ^f(D), then let cr(£) G Af(cr(D)) be the map m h-> ^cr" 1 ™). Let 

a \j : V H' D ) — ^(aiD^iD)), cr\.:= ^ fi^j^air^. 

Suppose p G D. We have a restriction map p p : X{D) — > For each £ G <-f (.D), 

we have a composition of maps 

^u, £>) »- nm v tu, PP (0) c *- v \b D \ W) ■ 

We also have a composition of maps 

^u, d \ {p}) v t(i, PP (0) *■ v mf v (i> D ) ■ 

Define 

vrj,p : V(i,D) — >V(i,D\ {p}), 7r iiP := ^ H P p(0^p\t{i4fi^ 

and 

H i>p :V(i,D\{p}) — >V(i,D), Hj, P -= Yl ^i^ p ^\tU, Pp ^)) n i,Pp(0- 

The maps nj jP and depend on D, but we suppress it from our notations. 
We state here the following lemma which will be used later. 

Lemma 2.2. For any p,q G D (p ^ q), we have the following. 

(i) MjMpHj = a \j n i'P> and ^(f)Mp) a \j = a \j^hp- 



(ii) n jiP ii jtP = \i + u J2 m eA 



(f)\D S pm\y 
J" 



(iv) 7tj,p'Kj,q — 71 'j t q7l "j jP and l^j,pfJ'j,q — /^i,<?/^i,p - 

The proof of Lemma 12.21 will be given in Section 3. Let 



Let V! := ^(A(j)). 



Definition 2.3. Let F^V) := V = 0,- eJ » V- as a SB x k[S n ]-mod?/Ze. 

2.4. The proofs of Lemmas 12.41 12.51 and 12.61 of this subsection will be given in Section 3. 
The proof of Proposition 12.71 of this subsection will be given in Section 4. 

Given any £ G [l,n], a G Q, and j = (ji, . . . ,j n ) G I n with jg = t(a), we shall define a 
map . : — ► There are three cases. 

Case~(I) ^ i: Then £ £ A(j) = A(a e {f)). 

Let D C A(j). For any £ G X(D), we have a composition of maps 

*■ v t(U) »- v t(a e UUf »- V(a e (j_),D) . 

Define 



a i 



Let a' 



a z\ 3 _AUY 

Lemma 2.4. (i) If p G D, then ^ai{j),p a i\ jjD = a i\j,D\{p}^i>P- 
(ii) Ifp £ D, then Vat(i), P a e\j,D = Mj,Du{ P }^hP- 

It follows from Lemma 12.4( 1) that a'^\. defined in Case (I) sends Vj into V^(j)' 
Case (II), t(a) = i: Then £ G A(j), and A(o/(j)) = A(j) \ {£}. 
Suppose £ G D C A(j). For any r G i?, we have an injective map 

r rAD : X(D \ {£}) #(£>) : 7? h-> r rA£> fa), 

where 

W(i?)M:=| / ifm = ^. 
Since t(J , T r ^j}(rj)) = t(r^(j),rj), there is a projection map 

r,ex(D\{e}) 

and an inclusion map 

T rAj _ tD ^.V(r* e (f),D\{£}) — >V(i,D), T rt ej >Dl := ^^W^d),-!' 

i7e*(£>\{/}) 

Let := r^»^ A( ^. 

Lemma 2.5. (i) Ere/? r ^,j A r r,Aj,D = L 

(ii) IfpeD\{£}, then 

! _ ! i 

7r r|(i),pTr/,j,Z) — ^j.D^p} 71 ^.? an « KypTr^D) ~ T r,l,j,D\{p}^r* t {j),p- 

(iii) Ifp^D, then 

! _ ! , _ 

^r" e (i), P T r,£,j,D ~ T r,e,j,DU{p}^l,P ana HhP T r/,]_,D , — T r^j,DU{p},A t r|(j),p- 



It follows from Lemma l2.5f ii) that . defined in Case (II) sends V- into V' a 



Case (III), h(a) = i: Then t $ A(f), and A(a e (J)) = A(j) U {£}. 
Let D C A(j). We have the inclusion map 

Define 

OaAi,D ■ V(j_,D)^V(a e (j_),Du{£}) 

by 

fa,^,i,D := ( - A» + ^a e (i),e^a e (j),e + V Y s ^i\ atil j)T'a,eMi),Du{e} ] - 

Let a'J . := 



Lemma 2.6. (i) IfpeD, then 7r a ^ ) p (9 a/ j >D = 6» a/ ^ D \ {p} 7rj iP . 
(ii) VKe /tcwe 

K ae (l),eQa,e,iA(i) = V Y S ^| aK j ) T- a ^ ia< ,(jf),A(a,(i))\{m} ! 7rj,m- 
m£A(i) 

(hi) IfpeD, then a/ ^ D ^ p = fJ, ae (j),pOa,£,i,£>\{p}- 

It follows from Lemma EH3[ i)-(ii) that . defined in Case (III) maps V- into 
Thus, Fi(V) is a T^<^ x k[5 n ]-module, where ai\. € acts by a'^.. 

Proposition 2.7. With the above action, Fi(V) is a £& n ,ri\,v -module. 

It is clear from our construction that the assignment V \— > i*i(V) is functorial. 



3. Proofs of lemmas 



Proof of Lemma 12.21 

(i) 



= Y ^W)-^ci.)( ff (0) <T ^(P)i'lt(3 I o 7r ^ 



/Mi)^(pHj = S ^(i)' CT «) CJ (^( CJ ^))a(p)| 4 ( CT (j) ) p (T(p) ( (J ( f )) fT7r j,p P (5) 
= Y ^(i)^(O f7 ^(p)plt(j, Pp (0) 7r i^(0 



(iii) 



(iv) 



- E ^(E oo *)J t(J ,^ 

r/e*(£)\{p}) aeR * K - " 

-- E " E 

^(ZAM) ^ meA(j)\D 
meA(j)\D 



= E ^j.A.(o^(9)fflt(j, A> ( Pg (0))^( p )plt(j,p,(o) 7r j.Aitt) 

= L l i,q 7T i,p ~ us pq\j- 



*3jpKijt = E Vi, Pp (p q (0)t(p)p\ tUiPq{m Z(q) q \ t ^ !0 Ki 



: E ^•.p P (^(0)^9) g | t (i, Pp (0)^)plt(i,0 7r ^ 



Proof of Lemma 12.41 



= E ^^,A.«)°4(« i (,-),/>p(0)^ (p) plt(j^) 7r ^ 



(ii) 



^aeU)>P ae \j,D Y ^«/(2).€^( p )plt(a i ( J -),ft.(0) a/ lt(i.ft.(0) ir i'ft'tt) 
5eA-(Du{ P }) 

2 ^(j),C a 4(£,o^(P)plt^, ft ,(0) 7r J'.ft'(0 
5eA-(Du{ P }) 

=a ^lj,Du{ P } /J 'j.P- 



Proof of Lemma 12.51 

(i) 



(ii) 



/ J r r,e,3,D\ T r,ti,D — X/ ' 1 i^ri 1 D(l) I j,'- ri ( ! D(»)) 

rGR re-R»?GAr(D\{£}) 



=1. 



n rJ(i),p T r,e,i,D — ^*(i),p p { v )V(p)p\ t ^.^f ) ^ 7T l,T rAD ( v ) 

n ex(D\{£}) 

{teX(D)\ae)=r} 

S Mr;(j), W (£) 7r ^) 7r J.P 

S ^r?Cz).c 7r i.'VAD\to}(o) 7r ij' 

CG^(D\{<?,p}) 

I 



tex(D) v eX(D\{£}) 

= Ys L L i,P P ('>- r ,e,D(v)) r l(p)p\t(j_.T re D (r ? )) 7r '"l(j):'? 

»?e*(£>\m) 

= ( ^, fi D\ {p }(C) 7r r;(i),c) 7r ^(i),p 

Ce*(D\{*,p}) 

=^,i,D\{ P } ! 7rr;(i),p 

(iii) 

^rtij),p T r,e.j,D = Y ^;(i):C^ P )plt(r|(i),p p (5)) 7r i. T -.^D(/ !, p(€)) 

{C6*(CU{p})|C(fl=r} 

v ex(Du{p}\{e}) 

! 

=T r,e,j,DU{p}^hP- 



{£6#(I>U{p})|£(<)=r} 

X/ ^i. T -r,£,Du{ P }('?) r ?(^)plt(r;( : j),pp(r))) 7rr 'l(j).Pp('?) 

fje*(£>u{p})\{/} 



Proof of Lemma 12.61 

(i) Using Lemma iii) ! Lemma l2.2f iv). and Lemma l2.5( ii). we have 
n a z<j),pOa,i,j,D = ( - \^a t {j),p + ^a ew ^at(l),e^a e (i), P ~ ^vL^) 7 ^®^ 

+ V Y K ae (i),pS m e\ ae{j) )T aAaiij j )Du{e}i 



□ 



mefl 

- ^iT a ,l,a l (j),DVj{t}\{p}^3_,P + ^W.^aH^/^/.^W.-DUWVipji^i.p 

+ f Y s m£|^ (i) 7TaKi),P r a,l > a«(j),DU{£} ! 
m£D\{p} 

mG-D\{p} 



(ii) Using Lemma l2.2f ii) and Lemma l2.5f ii). we have 

~a e (i),e d a,ejAU) = ( ~ Xi7T aeU)/ + ^Mj)/ + V Y ^L^^©.™)^.^^^*}, 

meA(j) 

=V Yl S ^\a e U) T ^AaeU)A(iMe}\{rn}^i, m - 
m6A(j) 

(hi) Using Lemma l2.5f iii) and Lemma l2.2f iii). we have 

O a ,£,i,DfJ>i,p =( - Af + fJ>ai(j),e^ ai {g),i + V Y S ^}a t { 3 ^ T ^Mi),DVj{l}^j_,p 

m<=D 

= ( - A * + M<*(jy*Vy®,/ + V Y S rne\ ae{ ^Va e (i),pTaAa e (j_),DU{e}\{p}, 

m<=D 

= ( - kVai(i),p + Ha e ti),e(Va e (l),pKa e (l),e ~ "V| 0£ (j)) 

+ V Y S rni\ ae{ ^a t {i),p^a/Mj),D(J{l}\{p}, 
=Va e (j),p9a,£,i,D\{p}- 

□ 



4. Proof of Proposition 12.71 

To prove Proposition 12.71 we have to check that the relations in Definition 12.11 hold for 



'J 



the maps 

First, we check the relations of type (i). Suppose we are given I € [l,n] and j 
(ji, . . . , j n ) € I n . There are two cases. 
Case 1, ji = i: Then £ € A(j'). We have 

a ^L|(j) a ^ lj = Y 9 *Aa2U)AU)\m T aAiA(3_) 

a£R a£R 

= Y{~ Xi + H,£ n i,£ + v Y Sme \j) T aAiA(l)^aAi_A{j) 

= - Aj + l^l,e^i,£ + v Y s m£\j (by Lemma ElSfi)) 

■meA(f)\{£} 

=(^iX)i + v Y^ s mt\j (since ttj^ vanishes on Vj) ■ 

m G A(j)\{£} _ 
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Case 2, j e ^ v. Then I £ A(j). If a e R and t(a) = je, then 
a *t \a e U) a '^i =T a/Mj_)AUMe} aAiA(i) 

^ , i.C 7r aKi).' r a,£,A(2)u{n(?)) 

£e*(A(j)) 

X ( - X i + ^a e (f),e^a e (j),e + f ^ Sm£ L(j)) 

meA(ji) 

X ( ^ ^(i)^a,i,A(i)U{0( £ ) 7r i' £ ) 

= - Ai + ^(a*a) e \ m) 7T^ 

+ u Y Y Pi&mWiJt- 

meA(j){HeX(A(jM(m)=a} 



Hence, 



En *' I *' 

\h(a)=j e } {aeQ\t(a)=j e } 

Y Y aa *- Y a * a ) 



£6*(A(j)) {aeQ|/i(a)=ja {aeQ|t(a)=j*} 

{a£R\t(a)=j e } { a eR\t(a)=j e } mGA(j) {£e*(A(j))|£(m)=a} 

= Y ^{ X k + U Y Smi \t(W + " Y Sme \tU,o) n i£ 

ZeX(A(f)) { m ^l\j m =j t } " {meA(i)\t^(m))=j e } 

- (e je ,€i)Xi-u Y Y Y H^me^i^ 

{aeR\t(a)=j e } meA(j) {£e*(A(j))|£(m)=a} 
= (nA)^+^ ^ Smt\j- 

Next, we check the relations of type (ii). Suppose we are given £, m € [l,n] (£ ^ m), 
a, b € Q, and j = (ji, . . . ,j n ) G I™, such that jt = t(a), j m = t(b). There are six cases. 
Case 1, t(a),h(a),t(b),h(b) ^ i: 

a 't\b m U) b 'rn\l ~ b 'm\a e (i) a ^l 

=ae \b m (i)AU) bm \iA(i) ~ bm \a e U),AU) ae \iAU) 

= Y Vae(b m (m(Mt(b m (m bm \tu,o _6m k^(z),o°^ao) 7r ^ 

€e*(A(j)) 



vs(. m \j if b € Q and a = b*, 
—vs£ m \ . if a G Q and 6 = a*, 



'1 

else . 



ii 



Case 2, t(a) = i and t(b),h(b) ^ i: 



J 



— ■ h - h ! 

- T a*/,6 m (j),A(i)° m lj,A(j) m \at(jJA(3j\W T "*M< A (£> 

v eX(A(i)\{£}) - 

^m(a<0)).»7^ rn L(a^(i),r 7 ) 7r i. T "a* 1 «,AO)('7) 

»,e*(A(j)\{*}) 

=0. 

Case 3, /i(a) = i and h(b) ^ i: We have 

T a/Mb m (i)),AU)^}fi m \j_,A(j) = X/ ^(&mCj)),Ta,«,Ay)U{<}^" l lt(j,C) 7r i^ 

€e*(A(j) 

By Lemma l'2. 41 

^MMj))^MMj))^M a^j), A(j)uM = ^KMi)),^ m U(j),A ( j ) ^ ( j ) 

= ^ m I a t ( j ) , A (j ) U{f } ^ a e (j)/*^ (i ) / ' 

Hence, 

a 'e\b m (f, b ™\i ~ b '™\a e (i) a 'e\i 

= 0a,46m(j),A(j)Mj,A(j) ~ ftm LHi),A(i)U{£}^Ai' A (j) 

= ( - A * + M^(6 m (j)),^(Mj))^ + ^ S P £ L(fc m (i))) VAaHMi)),A(j)um, 6 ™l j,A(j) 

peA(j) 

~ bm \a e (l)A(f)U{e} (~ X i+ ^a e (f),^a e U),e + V ^ V| «C/)) r M,«<(j),A(^U{/} 1 

peA(j) 

=0. 

Case 4, t(a) = = i: 

i I , / I _ ! ! 

ae \bmUr m \i - T a*Ab m (jJA(jJ\{™} T b*,rn,iAU) 

^ ^ a f( b m(i)),»? 7r : 7,T f ,. im>A{z) (T a * iJ , iA(lA{m} (»7)) 

r,G*(A(j)\{£,m}) 

I I 

- T fe*,m,^(i),AO)\{«} r a*,£,i,A(i) 



I 



t (j) a t\y 
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Case 5, h(a) = t(b) = i: 



b 'm\a e (i) a 't\i 

=T b*,mMi)AUMe} e a,£,i,AU) 

= T b*, m ,a t (i)AUMe} ( - Ai + l*a t (i)jna t (l)t + " vL,(j)) r aAa,(i),A(i)uW ! 

= (- X i + ^a e (b m (l)),e^a e (bm(i))/ + v E vL ( ( km (,)))i,ra,«,(,),A(j)U(<) 

peA(j)\{m} 

x T at e, ae (j),A(f)Ll{£} { + ^ S ^L < ( a ,(j)) r b%AaKj)A(j)U{n Ta A^(i). A (i) u {^! 

(using Lemma 123]) . 

Now 



i 



^ ^6m(«/0'))>^ 7r «f(3')i 7 i.* 1 m,A(i)UTO(o) ( E ^C/). T o,i,AC3)u{^}(0 7r i'C 

eeAr(A(j)u{£}\{m}) " Ce*(AQ0) 

E /V(Mi)) ) 7 ct,^,A( i 3)u{^}\{m 

}fa) 7r ilT&*,m,ACj)('7) 

r?G^(A(j)\{m}) 



I 

= T a /MbrnU))A(iMi}\{rn}, T b*,m,jAU)' 



and 



f i»,«,s<(i),A(j)uW 7 'aAa<(i),A(i)uW ! 

: ( E ^M«*(j)M^(j)>^*,A(£u{*}(£)) ( E ^ i a<W)>To,<,A(j)U{<}(0' 7r J 1 C 

fe*(A(j)) Ce*(AQ)) 

f if a ^6*, 
\ 1 if a = 5*. 



Hence, 



f <4k c-^l • if a 7^ 6*, 

6' I a' I = < fcm ^ I 
m Mj) e h_ \ a , e \ brn(£) b' m \ i + us mi \ i if a = 6*. 
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Case 6, h(a) = h(b) = i: 
a 't\b m (i) b '™\i 

= (- A * + ^a e (b m (j)),e^a e (b m (j_)),£ + ^ Yl S P £ \ 

pgA(j)U{m} 

X ( - \ + ^b m bj,rn^b m (j),m + v E S 9m|fc m (j)) r ^mAn(i)A(j)U{rn}, 

96AQ) 



ae(b m (j))) Ta ^Mbm(f))AU)^{i,rn}\ 



A i + Va e (b m ti)),e' !T a e (b m (£)),l + V Yl S P £ 

p€A(j)U{m} 



ae(b m {j)) 



^ m \a e (b m (f)) 

geA(j) 



X [ - X { + Vai(b m (i)),mKa e (b m U)),m + V s 5 

geA(j) 

x T a^,a < ,(6 m (i)),A(j)u{£,m} | 7"b,m,b m (i),A(i)u{m}, (using LemmaESJ) 



Now 



T a/,a £ (fe m (j)),A(i)U{<?,m} ! ' r 6,m,6 m (i),A(i)U{m} ! 

,A(j)U{£,m ,rn,A(j)U{m } «)) 7r i,« 

£e*(A(£)) 

=T"b, m ,a,(6 m (i)),A(i)U{^m} ! Ta,£,a,(j),A(j)uW ! 

Using Lemma 12.21 we have 

{^a e (b m (f)),^a e (b m (£)),e + ^Sm^L,^^)))^^^)),™ 71 "^^^)),™ 
= / i aHfem(j))/A t a £ (6 m (j)),m7ra,(fe m (j)),^a,(fe m (i)), m 

= (/ i ^(6 m (j)),m^(6 m (j)),m + ^ s m«|^( bro ) ))Ma^(6 ra (i))/ 7r ^(6 m (j))/- 

Moreover, 

P eA(j)u{m} geA(i) p,geA(i) <?eA(j) geA(j) 

P^<3 

p,qeA{f) 96A(i) <?eA(j) 

P^<3 

= ^ ] Sp m ^ ^ Sg^. 
pGA(i)U{£} qeA(i) 

Hence, 

• ,6' I = b' 1 -" 



\bm(jr m \j - ° m \a e (j) a e\j- 



This completes the proof of Proposition 12,71 
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5. Properties of the reflection functors 

5.1. Let i be a vertex of Q such that there is no edge-loop at i. Define Aj to be the set 
of all (A, v) G B x k such that Aj ± v J2m=2 s im are invertible in k[S r ] for all r G [1, n]. 

Theorem 5.1. If G Aj, then the functor 

Fi : <,A iV -mod — > ^/ njr ,. Aji ,-mod 

is an equivalence of categories with quasi-inverse functor F{. 

Proof. Let V G .s/ n ,A,i/-mod and V = Fi(V) G srf n ,n\,v -mod. Let j G I n . 
By Lemma l2~2T ii) . for any p G A(j), the composition 

V(£, A(j) \ {p}) . VU, A(i)) A(i) \ {p}) 

is equal to Aj. Since Aj is invertible, we have a direct sum decomposition 

V(i, A(£)) = Kervr^p © Im^ )P . 
Now V'(l,A(D) = V(i,A(jJ), and 

V% A(j) \ {p}) = Vl m C (0 V tU>Tr ^ (j)m ) = VU, A(jJ). 

V £X(A(j_)\{p}) v eX(A(j_)\{p}) reR 

Observe that the kernel of the map 

-A, + Hjjpitjjp : VU, A(j))—>V(j, A(j)) 
is Im/x jiP C V(j,A(j)). Hence, 



F^iV)^ = F t (V) 



V- " if A(j) = 0. 



Suppose A(j) = {pi, . . . ,p r }- We have a canonical map 

H,pi ■ ■ ■ N,pr : v i — "VU, A (j))- 

By Lemma 12.21^ ) , this map does not depend on the ordering of p% , . . . , p r , and its image 
lies in DpeA(j) ^(/-^p)- We claim that it is an isomorphism from Vj to DpeAG) ^(/^p)- 
By Lemma l2~2T ii) . each is injective. Hence, we have to show that Pipe AO) Im(/ J t JjP ) C 

It suffices to prove that, for /i G [2, r], we have 

) cy(j,A(j)). 

Suppose that fij jP1 ■ ■ ■ fJ-j, Ph _ 1 (v) = fij :Ph (w). Then, by Lemma l2~21 

X iW = Ki, Ph Hi,p h {w) = TTi,p h Pi, Pl ■ ■ ■ H, Ph ^( v ) 

h-l 

= Mj,Pl ' ' ' ^hPh~-l' K j_,Ph( V ) ~~ ^ S PgPh^hPl ' ' ' ^^Pg-l^hPg+l ' ' ' ^hPh-l ( V ) • 

9=1 
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Hence, 

h-l 

^if i i,Ph( w ) = / i i,Pi ' ' ' Mi,pa 7r j,pfc(' u ) ~~ v s PgPh^hPi ' ' ' ^j_,p s ' ' ' ^i,Ph-i( v ) 

9=1 
h-l 

= / i j,pi ' ' ' L L i,Ph 7T i,Ph( v ) ~ v s PsPhf l i,Ph( w )- 

9=1 

It follows that 

h-l 

V>j,p h ( w ) = ( X i + ^Yl s P fl pJ~Vj, P i • • • ^i,p h ^i, Ph (v) G Im(Mi, Pl • • • Vj, Ph )- 

9=1 

It remains to show that our map V — > Fi(Fi(V)) commutes with the actions. Let 
a l \ j G S , with t(a) = Let A(j) = {p 1 , . . . ,p r }. 

If h(a),t(a) ^ then by Lemma l2.4f ii). 

ai \j,A(j)^i' Pl ' ' ' ^i' Pr = ^ a d£),Pi ' ' ' ^a, e (£),p r a e\j- 

If t(a) = i, let p r = £. Then by Lemma l2.5f iii). 

! _ ! 

T a* /^Aifj^hPi ' ' ' ^hPr — AV(j),pi ' ' ' A t a € (j),p r _i r o* ,i,i,{£}^i'Pr 

= ^ae(f)<Pi ' ' ' ^(i).Pr-i a ^|j- 

If h(a) = i, then the map (FjFjF)j -» (i^-FiV)^^) is 

(Ai + ( - Ai + Ha e U),£^a e (£),e) + v s rne\ aeU j)^a,eMi)A(iMe}, 

mGA(j) 

By Lemma l2.5f iii) and Lemma l2.6f iii). we have 

[>nr a ,t,atU)AUMt}\ + e a,e,iA(£>) Mm ' ' ' Mj.Pr 

= ^V(j),Pi ' ' ' Mo < (^),p r (^iT'a ) ^y),{^} ! + ^a,i,i,0) 
=/V(i),Pi ' ' ' l i a l {j%p T ^a l {^a l {£,,^a/Mi),{i}\ 



□ 



It is easy to see that the functor Fi : i^ n ,\,v~ mod — > ^ n>ri x,i/~ mod is left exact. 



Corollary 5.2. Suppose (X,v) E Aj. T/ien i/ie functor Fi : ^A^-mod — > <s/ n ^ ri \ M —mod 
is exact. 

Proof. By Theorem 15. 11 Fj has a quasi-inverse functor. Since is left exact, it must also 
be right exact by |Wel Theorem 5.8.3]. □ 

Let k' be a commutative k-algebra. The following corollary will be used later in the 
proof of Proposition 15.151 

Corollary 5.3. Suppose € Aj. Let V be any £^ n \ u -module. Then Fi 

Fi(V® k k'). 
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Proof. There is a natural map / : F^V)®^' —> ^(V®kk'). We have 

(F i (F i F))® k k'^F i ((F i F)^ k k , )^F i (F i (y^ k k / )). 

By Theorem 15.11 the composition of these two maps is the identity map of V^kk 7 . The 
injectivity of the first map for any V implies that / is injective. The surjectivity of the 
second map and the exactness of Fi imply that / is surjective. □ 

Remark 5.4. Let g be an automorphism of the graph Q. Then g acts on B by (g\)j = 
A g -i(j) for any j, and gfcX) = r g ^(g\). It was pointed out to the author by Iain Gordon 
that g induces an isomorphism of algebras 8& n ,\ v — ¥ ^n,gX,v Observe that the following 
diagram commutes: 



g(') 



Ft 



mod ^ r .\ ,. — mod 



^n,r g(i) {gX),u ~ H">U » ^n, n X,u 

5.2. In this subsection, we recall the definitions of a commutative cube and its associated 
complex; see |Khl §3] for a more detailed discussion. 

Let A be a finite set. For any J C A, we let Z J be the Z-module freely generated by the 
elements of J, and write det(J) for det(ZJ). If p G A \ J, then we define an isomorphism 

t : det(J) — >det(JU{p}), xt-^xAp. 

Let 2? be the category of modules over a ring. 

Definition 5.5. A commutative A-cube (Z,ip) (over 2f) consists of data: 

• an object Z(J) G Oh{3f) for each J C A; 

• a morphism ip j <p : Z(J) — > Z( J U {p}) for each J C A and p G A \ J. 

These data are required to satisfy the following conditions: for each J C A andp,q G A\ J 
where p / q, we have i>ju{ P },qipJ,p = ^Ju{q}, P ^J,q- 

Let {Z,ip) be a commutative A-cube. We shall construct a complex 'W(Z) in the 
category 3f. For each integer r, let 

tf r (Z) := Z(J)® z det(J). 

Define the map 



JcA 
|J|=r 



JcA P eA\ J 

|J|=r 

It is easy to check that <i 2 = 0, so that i^o"{Z), d) is a complex. 
Let g G A, and let A q := A \ {g}. Define 

Z ( J) := Z{J), Zx(J) := Z{J U {q}), for all J C A,. 

Then both (Zo,ip) and (Zi,ip) are commutative A g -cubes. Let 

/ : tf-(Zo)— «ir(Zi), / := E 

JcA 9 
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The map / is a morphism of complexes. We note that the complex ^*(Z) is the cone of 
the morphism /[— 1], and we have a short exact sequence 

(5.6) — >V(Z 1 )[-1] — ><g\Z) — >f(Z ) — >0. 

Example 5.7. Let Z' be an object of 3f, and let ipi, . . . ,tfj m be a set of commuting 
endomorphisms of Z'. Let A := [l,m]. For each J C A, define 



Z(J) :- 



lm(ip qi • • • ip qr ) if J = {q x , ... , q r }, 
Z' if J = 0. 



If J C A and p G A \ J, then define tpj :P : Z(J) — > Z( J U {p}) to be the restriction of the 
morphism t/> p to Z(J). It is clear that (Z, ■0) is a commutative A-cube. 

Claim: If ip\, ... , ip m are idempotents, then H r (j£*(Z)) = for all r > 0. 

Proof of Claim: This is clear if m = 1. We shall prove the claim by induction on m. 

Let q = 1. We have the commutative Aq-cubes (Zo,ip) and (Zi,tp). By (|5.6|) . we have 
the long exact sequence 

0— ►fl°(*f(£))— Kff°(if(Zo)) ff°(^ , (Zi))^.H 4 (^*(Z))^ 

— ^H 1 ^ (Z ))— >H 1 (^'(^i))— ^S 2 ^^))— »^ 2 («"(^o))— > • • • 

By the induction hypothesis, we have H r (tf'(Z )) = H r { c £*{Z 1 )) = for all r > 0. 
Hence, H r (ff* (Z)) = for all r > 1, and i7 1 ( < ^ 7, (Z)) is isomorphic to the cokernel of 
V>i : fl°(«*(Z )) -> F°(^'(Zi)). Suppose z G #°(^*(Zi)). Then z G Im(V>i) implies 
V>i(z) = and z G Ker(^ p ) for allp > 1 implies z G H (<tf(Z )). Therefore, H X (V(Z)) = 
0. ' □ 

5.3. Let V be 

a A.fD^odule. For each j G / n , define 
Z,( J) := V(j, A(j) \ J) and ^ p := ^ for J C A(j), p G A(j) \ J. 

By Lemma l2.2f iv). (Zj,ip) is a commutative A(j)-cube (over the category of ^-modules). 
Define the complex of 38 X kfSVJ -modules 

*f(y) := 0^(Z £ ). 

Thus, 

^00 = © V^-D)®zdet(A(j)\£>), r = 0,...,n. 
je/" DcA(j) 

|D| = |A(i)|-r 

We remark that # n acts diagonally. Observe that 

(5.8) Fi(^) = H°(V(V)). 

We have the following results when v = 0. 

Proposition 5.9. Zei A G 5 and assume Aj is invertible in k. Let V 6e a £/ n ^-module. 
Then H r {<tf m (V)) = /or a// r > 0. 
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Proof. Fix j G I n . Let Z' = V(j,A(j)). For each p £ A(j), define an endomorphism tp p 
of Z' by ip p = X^ 1 fij tP TTj tP . Suppose D = A(j) \ {q\, . . . , q r } and p & D. Then by Lemma 
12.21 the following diagram commutes: 

V(i, D) Ar ^ 1 "^ , Im(^ 



V(j_, D \ {p}) 1£^_£^ l m (^ 9i . . . ^ ) 



, -(r+1) 



Moreover, the horizontal maps in the above diagram are isomorphisms. Hence, the propo- 
sition is immediate from the claim in Example 15.71 □ 

The Grothendieck group of an abelian category 2f is an abelian group with generators 
[Z], for all objects Z of and defining relations [Z] = \Z'\ + [Z"] for all short exact 
sequences — > Z' — > Z — > Z" — > 0. 

Corollary 5.10. Let A € B and assume \ is invertible in k. Let V be a £/ n \ t Q-module. 
Then in the Grothendieck group of the category of £3 xi h[S n }-modules, we have 

n i- 

F l (V) = Y,(-l) r Vti,D)® % det(A(f)\D) 
r=0 L ie/ n -DcA(j) 

\D\=\A(j)\-r 

Proof. This follows from (|5.8f) and Proposition 15.91 bv the Euler-Poincare principle. □ 

The author does not know what happens if v ^ 0; but see Proposition 15.151 below. 
We conjecture that in general H r (V)) are the right derived functors of -Fj. One can 
also similarly define a complex using the maps instead of irj tP . 

5.4. In this subsection, we let k := C. We shall determine the set Aj. 

First, we recall some standard results on the representation theory of symmetric groups; 
see |EM1 §2.2] and |M11 §2.4]. For a Young diagram ^ corresponding to a partition of n, 
we write tt^ for the associated irreducible representation of S n . For a cell j in /x, we let 
c(j) be the signed distance from j to the diagonal. The content c(fi) of [i is the sum of 
c(j) over all cells j in [i. 

Denote by 5 n _i the subgroup of S n which fixes 1. It is known that ^i_i\ s = ©vr M _j, 
where the direct sum is taken over all corners j of /x, and \i — j is the Young diagram 
obtained from /i be removing the corner j. 

Lemma 5.11. Let C = s\2 + S13 + • • • + s\ n . 

(i) The element C acts on vr M _j by the scalar c(j), for each corner j of the Young 
diagram fj,. 

(ii) The element C acts as a scalar on tt^ if and only if /j, is a rectangle. If the rectangle 
has height a and width b, then the scalar is b — a. 

We omit the proof of the lemma, which can be found in lEMi §2.2] and |M11 §2.4]. 

Proposition 5.12. We have 

A { = {(A, v) E B x C | Xi ±pv ^ forp = 0, 1, . . . , n - 1}. 
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Proof. Let r G [l,n]. The element Aj + I'^jSim is invertible in C[SV] if and only if 
its eigenvalues on the irreducible representations of S r are nonzero. By Lemma l5.11f i). 
the eigenvalues are the numbers Aj + vc(j), where j is a corner in a Young diagram. The 
numbers c(j) which occur are 0, ±1, . . . , ±(n — 1). □ 

5.5. In this subsection, we let k := C [[£/]], where U is a finite dimensional vector space 
over C. Let m be the unique maximal ideal of k. If V is a k-module, we write V for V/mV. 
A .e^A^-module V is a flat formal deformation of a j^^-module Vq if V = Vq[[U]] as 
k-modules, and there is a given isomorphism V = Vq of £& n ,\, ^-modules. 

For any k-module V, its m-filtration is the decreasing filtration V D D m 2 y D 

We define 



00 ,/n 



h=0 

Let us also introduce the following notations. We shall write k for C[J7], B for ©j g /k, 
and E for the free k-module with basis the set of edges {a € Q}. Furthermore, let 

SJ:=B® n , <?:= B®^' 1 ) ® E ® B®^-®. 

l<l<n 

For any A G B and E C[C7], we write srf n \ v for the ^-algebra defined as the quotient of 
Tgg$ x k[5 n ] by the relations (i) and (ii) in Definition 12. II 

Lemma 5.13. Let Q be a connected quiver without edge-loop, such that Q is not a finite 
Dynkin quiver. Assume A € B and v € C[U]. Then Gr m £/ n ,\,v — &Ki,\,A[U]\ as algebras 
over k. 

Proof. The algebra stf n \ u has an increasing filtration defined by setting elements of S3 x 

k[S n ] to be of degree 0, and elements of & to be of degree 1. Similarly, &f n ,\,v and s^ n ,\,u 
have increasing nitrations. 

Let S' be a basis for <?, and let S be a set of words in the elements of S' such that S 
is a basis for =04,0,0 over SB x C[5 n ]. It was proved in |G(t[ Theorem 2.2.1] (see also |GG| 
Remark 2.2.6]) that, for any Ao € B and uq G C, the natural map .04,0,0 S T£ ^n,x ,iy is 
an isomorphism of graded algebras. Hence, S is a basis for sf n ,Xo,vo over ^ ^ C[5 n ]. 

We have the natural epimorphism 



£4,o,o®cC[{7] = *4 j0 ,o — ►gr^A.v 

Thus, 5 spans &f n; \ >v as a module over ^ xi k[5 n ]. If there is a linear relation over 
SB xi k[5 n ] among elements of <S in £^ n \ v , then by evaluation at some point of U, we 
obtain a linear relation over SB x CfjSVJ, a contradiction. Hence, S is a basis for &/ n \ v over 
^ x k[5 n ]. It follows that S is a basis for &f n> \ iV = &^n,\,i>®C[U]^ over ^ * M'SVJ- Therefore, 
s^ n> X,v — &fn,\,v[[U]] as k- modules, and Gr m =04,A.i/ — -^.A^tl^]] as algebras. □ 

Proposition 5.14. Let Q and A, v be as in Lemma \5.1c\ Let i £ / and suppose (A, v) G Aj. 
Xei t/ie s^ n ^\ )U -module V be a flat formal deformation of a s^ n ^ u -module Vq. Then Fi(V) 
is a flat formal deformation of Fi{Vq). 
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Proof. Observe that Gr m l/ = Vo [[[/]] as ^,a,i/[[^]] -modules. We have 

Gv m (Fi(V)) C F,(Gr m y). 

By Theorem 15, II 

Gr m V = Gi m (FiFiV) C F i (Gr m (F i y)) C ^(^(Gr^)) = Gv m V. 



Hence, Gr m (Fj(V)) = Fi(Gr m V) = (FiV )[[U]] as *4, n A,i/[[^] -modules, which implies 
Fi(V) ^ (FiVb)[[^]] as k-modules, and F~(V) = Fi(V ) as ^^-modules. □ 

5.6. In this subsection, we let k := C[f7], the ring of regular functions on a connected 
smooth affine variety U. For any point u G U, we denote by m u the maximal ideal of 
functions vanishing at u, and if V is a k-module, then let V u := V/m u V . We shall write 

~sb for sb u . 

Proposition 5.15. Assume Q is a connected quiver without edge-loop, such that Q is 
not a finite Dynkin quiver. Let i G I and (X,u) G Aj. Let V be a £^ n \ v -module, finitely 
generated over k. Suppose V is a flat ^-module. Then we have the following. 

(i) Fi(V) is a flat k-module. 

(ii) If v vanishes at a point o G U , then for any point u G U, we have 

n i- 

F i (y«) = E(- 1 ) r V u (i,D)® z det(A(f)\D) 

r=0 *-]_eI n DcA(j) 

\D\ = \A([)\-r 

in the Grothendieck group of the category of SB x C[S n ] -modules. 

Proof, (i) By Corollary 15. HI and Proposition 15.141 Fi(V) is locally flat at all the points of 
U. Hence, it is flat over U. 

(ii) Since V and i*i(V) are flat over U, we have isomorphisms of SB x C[S* n ] -modules: 
V° = V u and Fi(V)° = Fi(V) u . Hence, the required formula follows from Corollary 15.31 
and Corollary ETUI □ 

6. Symplectic reflection algebras for wreath products 

6.1. Let L be a 2-dimensional complex vector space, and ojl a nondegenerate symplectic 
form on L. Let T be a finite subgroup of Sp(L), and let T n := S n K T n . Let ££ := L® n . 
For any I G [l,n] and 7 G T, we will write 7^ G T n for 7 placed in the £-ih factor T. 
Similarly, for any u G L, we will write ug G JSf for w placed in the £-th factor L. Fix a 
symplectic basis {x, y} for L. 

Let i, k G C. Denote by ZT the center of the group algebra C[T]. Let 

c = c 7 • 7 G Zr, where c 7 G C. 

7 el\{l} 

The symplectic reflection algebra Wt,k,c(T n ), introduced in |EG| . is the quotient of TS£ x 
C[r„] by the following relations: 

k - 

m^eyev 7Gr\{i} 
[ti£,u m ] = - - 22uj L (ju,v)s em -fa~ 1 , \fu,v G L, £,mG[l,n], £ 7^ m. 
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Let Ni be the irreducible representation of T corresponding to the vertex i G / of Q 
(where Q is associated to T by the McKay correspondence) and let fa S EndiVj be a 
primitive idempotent. We have CT = @ ig/ EndiVj. Let / := Yliei fi e ^r. The element 
f® n is an idempotent in C[r n ] = (CT)® n . It was proved in [§3 Theorem 3.5.2] that 
the algebra / <x>n H t j CjC (r n )/® n is isomorphic to the algebra ^ n ,X,u for the quiver Q. In 
particular, H^fc iC (r n ) is Morita equivalent to £^ n ,\,u- The parameter Aj is the trace of 

k\T\ 

t ■ 1 + c on N, and the parameter v is -k- 1 . We shall reformulate and prove the main 
results of |KM| . |Mlj and M2j in terms of the algebra s^ n \ v via this Morita equivalence. 
We believe the results are more transparent in our reformulation. 

6.2. In this subsection, we let k := C [[£/]], where U is a finite dimensional vector space 
over C. Let m be the unique maximal ideal of k. Recall that if V is a k-module, we write 
V for V/mV. 

If V = © i6 j V% is an /-graded complex vector space, then its dimension vector is the 
element (dim V^)j e / G Jl . Let jVi be the complex vector space with dimension vector ej. 

Let n = (m, . . . , n r ) be a partition of n. Let X = X\® ■ ■ ■ ®X r be a simple module 
of Sfi := S'ni x • • • x S nr C S^. Let {ii, . . . ,i r } be a set of r distinct vertices of Q, and 
let jV = Jf® ni ® ■ ■ ■ ®Jf® nT . Then X®^K is a simple module of W x C[5 S ]. We write 

X®jf T for the induced module Indj^^Xtg)^) of ^ x C[5„]. It is known that any 

simple 9$ x C[»S n ]-module is of the form X®JV \ (see |Macj : paragraph after (A. 5)). We 
have 

X®,A t= 0ff(W), 

(J 

where <r runs over a set of left coset representatives of <S^ in S n . 
The following lemma is equivalent to |M11 Theorem 4.1]. 

Lemma 6.1. Assume Q has no edge-loop. Let the sd n ^\ )V -module V be a flat formal 
deformation of the gf ni \ M -module V . If V is simple as a 98 x C[S n ]-module, then all 
elements of £ must act by on V . 

Proof. Since the algebra 98 x C[S n ] is semisimple, V must be of the form (X<g>^V 1)[[U]] 
(as 98 x k[S n ] -modules). Let (ji, . . . ,j n ) € I n and a £ S n . If j m = i<j( m ) for all m ^ £, 
then ji = j a m. It follows that since Q has no edge-loop, Si must act by on <jY , hence & 
acts by OonF. □ 

The next result is equivalent to |M1| Theorem 3.1]. 

Theorem 6.2. Assume Q has no edge-loop and v ^ 0. The 9$ x k[S n ]-module (X<g>^V j 
)[[U]] extends to a stf n ^\ )V -module if and only if the following conditions are satisfied: 

(i) For alii £ [l,r], £/ie simple module AQ of S ne has rectangular Young diagram, of 
size ai x be. 

(ii) iVo too vertices in . . . , i r } are joined by an edge in Q. 

(iii) For all £ £ [1, r], one has Aj. = (o^ — bg)v. 

Proof. Suppose {X®jV !)[[£/]] extends to a jz^^-module. By Lemma IfTTl the elements 
of $ must act by 0. Hence, by Lemma [5.11f ii') and the relations of type (i) in Definition l2.il 
the Young diagram of each AQ must be a rectangle, of size an x bi say, and A,» = (ai — b$)v. 
By the relations of type (ii) in Definition 12.11 no two vertices in . . . , i r } can be joined 
by an edge in Q. 
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Conversely, suppose the conditions are satisfied. Then it is clear (using Lemma 15. 1 llf ii^ 
again) that if we let the elements of $ act by 0, the relations in Definition 12.11 hold. □ 

From now on, we assume that Q is an affine Dynkin quiver of type ADE, but not of 
type Ao- Let 5 = (5i)i£i G I* 1 be the minimal positive imaginary root of Q. We have 
Si = dim Aj. 

Let Ao G B, and assume Ao • 5 ^ 0. We shall write U\ for n^ , and ^ n ,\ ,o f° r &Ki,\o,a- 
Let Sa be the set of dimension vectors of finite dimensional simple LI \ -modules. By 

CBH, Lemma 7.2] and |CBH| Theorem 7.4], there exists an element A + G B and an 

element w G W such that: 

• w is an element of minimal length with w(Xq) = A + ; 
. wE Xo = {ei I A+ = 0}. 

By the minimality of its length, we can write w = Sj h - ■ ■ Sj l for some ji, ■ ■ ■ ,jh € /, 
such that (rj g ■ ■ -^ji(Ao)) ■ ^ for all g G Let F w be the composition of functors 

Fj h ■ ■ ■ Fj 1 , and F w -i be the composition of functors Fj 1 ■ ■ ■ Fj h . 

Let Yy, . . . , Y r be a collection of pairwise non-isomorphic finite dimensional simple mod- 
ules of n Ao , and let Y = Y® ni ® • • • ®Y® n - . Then X®Y is a simple module of LI®" x C[S H ] . 

n® n xc[5 n ] 

We write X®Y j for the induced module Ind (X<g>Y) of \ q. By Mac (para- 

mo * ^ ' 

graph after (A. 5)), it is known that any finite dimensional simple £4i.,\o,0" mocm le is of the 
form X®Y f. 

The following theorem and its proof was explained to the author by Pavel Etingof. 

Theorem 6.3. Let A G B. Assume that \ G U for all i G I, and ^ v G U. The 
stf n x o-module X®Y ] has a flat formal deformation to a stf n \ +\ v -module if and only if 
the following conditions are satisfied: 

(i) For alii G [1, r], the simple module X^ of S ne has rectangular Young diagram, of 
size ac x b£. 

(ii) We have Ext^ A (Yp, Y m ) = for any I ^ m. 

(iii) For all I G [l,r], one has A • ae = (ae — b$)v, where ae is the dimension vector of 
Y e . 

The deformation is unique when it exists. 

Proof. Let A + , w, F w , and F w -i be as defined above. We claim that (rj ■ ■ ■ rj 1 (Ao+A), u) G 
Aj g for g = 1, ... , h. To see this, it is enough to show that (rj g ■ ■ ■ rj 1 (Ao + A)) . + vC has 

an inverse in k[«Sjv]j for any given C G kfSW]- This is equivalent to solving a system of A! 
linear equations in A! variables, whose associated matrix is of the form (rj g ■ ■ ■ r^ x (Ao + 
A)) . Idpfi+vM for some matrix M. Since A and v are modulo m, the determinant of this 
matrix is nonzero modulo m, and so it is invertible in k. Hence, the matrix is invertible. 
This proved our claim. 

Now define %i G / by = w(ae). We have Ao • cti = A + • = 0. By |CBH1 Theorem 
5.1], we have F W (X®Y f) = X®.yV \. 

Suppose the conditions in the theorem are satisfied. Then by Theorem lfi.2| the 3% x 
k[,S n ] -module M := (X®^V ])[[U]] is a srf n ^+ +to ro ,,-module (where elements of $ act by 
0). Hence, by Proposition ^, 141 the £/ n) A +A,i/- m odule F w -i (M) is a flat formal deformation 
ofX®Y]. 
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Conversely, suppose a .a^Ao+A.^-module V is a flat formal deformation of X<S)Y f. 
Then by Proposition 15.141 the ^ j x++w(A),i/~ m °dule F W (V) is a flat formal deformation 
of X®jV t- We have ^(V) = (X®^ f )[[£/]] as 38 x k^-modules. It follows from 
Theorem 16.21 that the conditions in the theorem must hold. Moreover, by Lemma 16. 11 the 
elements of & must act by on F W (V), so F W (V) is the unique flat formal deformation of 
X<gijV j. This implies that V is the unique flat formal deformation of X®Y f. □ 

The sufficiency of the conditions in Theorem 16.31 was first proved in |M21 Theorem 
1.3(i)]; in the special case where the partition is n = (re), it was first proved in [EM 
Theorem 3. 1 (i)] . 

6.3. Let Ao, A + , w, F w -i, ji, . . . ,jh, and X®Y ] be as defined in the previous subsection. 
In particular, Xq ■ 5 ^ 0. Assume that conditions (i) and (ii) of Theorem 16.31 hold. 

Let U be a finite dimensional complex vector space. Let A and v be regular functions 
on U such that condition (iii) of Theorem 16.31 hold. Moreover, assume there is a point 
o G U such that A specializes to Ao at o, and v vanishes at o. 

Define in G I by = w(ctg), and let X®JV \ be as defined in the previous subsection. 
We have A, + = An • ap = 0. 

Let U' be the Zariski open subset of U defined by (rj g ■ • •r 7 - 1 (A))^ ± pv ^ for all 

g G [1, re] and p = 0, . . . , re — 1. Since o G U', the set U' is nonempty. 

Let k := C[U'] be the ring of regular functions on V. For any point u G U 1 , let m M 
denote the maximal ideal of k consisting of functions vanishing at it. If V is a k-module, 
we write V u for V/m u V. We write W for 3§ u . 

The proof of the following theorem is similar to the proof of Theorem 16.31 

Theorem 6.4. There exists a stf n \ v -module V such that: 

(i) V° = X®Y | as &/ ni \ 0! o-modules, and V is flat over U' . 

(ii) For any point u G U' , V u is a finite dimension simple sd^^ v -module, isomorphic 
to X®Y j as a~Bl ' x C[S n ]-module. 

Proof. Let the elements of $ act by on the SB xi k[5 n ]-module (X®Jf t)<8ck. It follows 
from Lemma IK. 11 ( ii) that [X®,jV t)®ck is a £f ntW n) ^-module. 

By Proposition 15.121 we have (rj ■ ■ ■ rj t (A), uj G Aj g for g = 1, . . . , h. Let V be the 
^A^-module F w -i {{X® jV t)<8>ck). By Corollary Ol we have V° = X<S>Y |. Moreover, 
by Theorem 15. H V u is a simple ^-module for any u GU'. By Proposition 15 ■ 15T i) . V 
is flat over U'. Hence, V u is isomorphic to V° as ^ x C[5 n ] -modules. □ 

We remark that the set U' was not specified precisely in |EM1 Theorem 3.1 (iii)] and 
[M2l Theorem 1.3(iii)]. 

Let us also mention that there may exists finite dimensional simple modules of ^ c (r n ) 
(for complex parameters) which cannot be deformed to a flat family as k varies; see |Chl 
§4] where this happens. 

The assumption that Ao • 6 ^ is equivalent to the condition that t ^ for the 
symplectic reflection algebra H t) fc )C (r n ). When t = 0, the representation theory of the 
symplectic reflection algebra is remarkably different; see [CBH , EG , and |GSj . 
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